We discuss Massey products in a N-graded Lie algebra cohomology. One of the main examples is so-called "positive part" L 1 of the Witt algebra W . Buchstaber conjectured that H * (L 1 ) is generated with respect to non-trivial Massey products by H 1 (L 1 ). Feigin, Fuchs and Retakh represented H * (L 1 ) by trivial Massey products and the second part of the Buchstaber conjecture is still open. We consider the associated graded algebra m 0 of L 1 with respect to the filtration by its descending central series and prove that H * (m 0 ) is generated with respect to non-trivial Massey products by H 1 (m 0 ).
Introduction
In the last thirty years cohomological Massey products have found a lot of interesting applications in topology and geometry. The existence of nontrivial Massey products in H * (M, R) is an obstruction for a manifold M to be Kähler. A Kähler manifold M is formal [8] , i.e. its real homotopy type is completely determined by the cohomology algebra H * (M, R). In their turn formal spaces have trivial Massey products.
An important feature of Massey products is the following: a blow-up of a symplectic manifold along its submanifold inherits non-trivial Massey products [3] . This idea was used by McDuff [20] in her construction of a simply connected symplectic manifold with no Kähler structure. The Massey products in cohomology of symplectic manifolds was the subject in [7] . Babenko and Taimanov considered an interesting family of symplectic nilmanifolds related to finite-dimensional quotients of a "positive part" L 1 of the Witt algebra W . Applying to them the symplectic blow-up procedure they constructed examples of simply connected non-formal symplectic manifolds in dimensions ≥ 10 [2] . A few time ago an 8-dimensional example was constructed by Fernandez and Muñoz [11] by means of another techniques.
The present article is devoted to the study of n-fold classical Massey products in the cohomology of N-graded Lie algebras. We will focuss our attention to two main examples: L 1 and m 0 . The infinite dimensional N-graded Lie algebra L 1 is filtered by the ideals of the descending central series and one can consider its associated graded Lie algebra m 0 = gr C L 1 . The reason of this interest comes from the relation of L 1 to the Landweber-Novikov algebra in the complex cobordisms theory discovered by Buchstaber and Shokurov [5] .
It follows from the Goncharova theorem [14] that the cohomology algebra H * (L 1 ) has a trivial multiplication. Buchstaber conjectured that the algebra H * (L 1 ) is generated with respect to the Massey products by H 1 (L 1 ), moreover the corresponding Massey products can be chosen as non-trivial ones. The first part of Buchstaber's conjecture was proved by Feigin, Fuchs and Retakh [10] . However they represented Goncharova's basic cocycles of H * (L 1 ) using by trivial Massey products. Twelve years later Artel'nykh represented some of Goncharova's cocycles by non-trivial Massey products and unfortunately his brief article does not contain the proofs. Hence the original Buchstaber's conjecture is still open.
It was pointed out to the author by May that it follows from the Corollary 5.17 in [19] that the cohomology H * (L 1 ) is generated by H 1 (L 1 ) with respect to matric Massey products (generalized Massey products) and this property holds for some class of graded Lie algebras. The question of triviality or non triviality of corresponding matric Massey products have not been studied.
We recall the necessary information on the cohomology of graded Lie algebras in the first Section and study two main examples H * (L 1 ) [14] and H * (m 0 ) [12] in the Section 3. In the Section 4 we present May's approach to the definition of Massey products, his notion of formal connection developed by Babenko and Taimanov [3] for Lie algebras, we introduce also the notion of equivalent Massey products. The analogy with the classical Maurer-Cartan equation is especially transparent in the case of Massey products of 1-dimensional cohomology classes ω 1 , . . . , ω n . The relation of this special case to the representations theory was discovered in [10, 9] . We discuss it in the Section 5.
The main result of the present article is the Theorem 6.4 stating that the cohomology algebra H * (m 0 ) is generated with respect to the non-trivial Massey products by H 1 (m 0 ). Another important result is the Theorem 6.3 that presents a list of equivalency classes of trivial Massey products of 1-cohomology classes from H 1 (m 0 ). We show that the Theorem 6.3 is related to Benoist's classification [4] of indecomposable finite-dimensional thread modules over m 0 .
Cohomology of N-graded Lie algebras
Let g be a Lie algebra over K and ρ : g −→ gl(V ) its linear representation (or in other words V is a g-module). We denote by C q (g, V ) the space of q-linear skew-symmetric mappings of g into V . Then one can consider an algebraic complex:
where the differential d q is defined by:
The cohomology of the complex (C * (g, V ), d) is called the cohomology of the Lie algebra g with coefficients in the representation ρ : g −→ V .
The cohomology of (C * (g, K), d) (V = K and ρ : g −→ K is trivial) is called the cohomology with trivial coefficients of the Lie algebra g and is denoted by H * (g).
One can remark that Definition 2.1 A Lie algebra g is called N-graded, if it is decomposed to a direct sum of subspaces such that 
The algebra m 0 has an infinite number of N-gradings: 
We denote by L 1 the positive part of the Witt algebra, i.e. L 1 is a subalgebra of W spanned by all e i , i ≥ 1.
Obviously W is a Z-graded Lie algebra with one-dimensional homogeneous components:
Thus L 1 is a N-graded Lie algebra.
Let g be a Lie algebra. The ideals C k g of the descending central sequence determine a decreasing filtration C of the Lie algebra g
One can consider the associated graded Lie algebra
Proposition 2.1 We have the following isomorphisms:
Let g = ⊕ α g α be a Z-graded Lie algebra and
This grading is compatible with the differential d and hence we have Zgrading in the cohomology:
Remark 2.3
The trivial g-module K has only one non-trivial homogeneous
The exterior product in Λ * (g) induces a structure of a bigraded algebra in the cohomology H * (g):
One can define a decreasing filtration F of (C * (g, V ), d):
where the subspace
The filtration F is compatible with d.
Let us consider the corresponding spectral sequence E p,q r :
Proof. We have the following natural isomorphisms:
Now the proof follows from the formula for the d
where v ∈ V, f ∈ Λ p+q (g * ) and df is the standard differential of the cochain complex of g with trivial coefficients.
Goncharova calculated in 1973 the cohomology H * (L 1 ).
otherwise.
We will denote in the sequel by g 
where i ≥ 2 and ξ is an arbitrary form in Λ * (e 2 , . . . , e i−1 ).
The sum in the definition (4) of D −1 is always finite because D l 1 decreases the second grading by l. For instance, 
Theorem 3.2 [12] The infinite dimensional bigraded cohomology
where
Formula (5) The whole number of linearly independent q-cocycles of the second grading k+
where P q (k) denotes the number of (unordered) partitions of a positive integer k into q parts. The multiplicative structure in H * (m 0 ) was also found in [12] explicitly. In particular
Massey products in cohomology.
In this section we follow [17] and [3] presenting the definitions of Massey products. Let A = ⊕ l≥0 A l be a differential graded algebra over a field K. It means that the following operations are defined: an associative multiplication
Example 4.1 A = Λ * (g) is the cochain complex of a Lie algebra.
For a given differential graded algebra (A, d) we denote by T n (A) a space of all upper triangular (n+1)×(n+1)-matrices with entries from A, vanishing at the main diagonal. T n (A) has a structure of a differential algebra with a standard matrix multiplication, where matric entries are multiplying as
An involution a →ā
. It satisfies the following properties:
Also we have the generalized Leibniz rule for the differential (6)
.
Definition 4.1 [3] A matrix A ∈ T n (A) is called the matrix of a formal connection if it satisfies the Maurer-Cartan equation
Proposition 4.1 [3] Let A be the matrix of a formal connection, then the entry τ ∈ A of the matrix µ(A) ∈ I n (A) in the definition (7) is closed.
Proof. We have the following generalized Bianchi identity for the MaurerCartan operator µ(A) = d A −Ā · A (A is an arbitrary matrix):
Indeed it's easy to verify the following equalities:
Now let A be the matrix of a formal connection, then the matrix µ(A) belongs to the center I n (A) and hence dµ(A) = 0. One can think of µ(A) as the curvature matrix of a formal connection A.
Let A be an upper triangular matrix from T n (A). One can rewrite it in the following notation:
Proposition 4.2 A matrix A ∈ T n (A) is the matrix of a formal connection if and only if the following conditions on its entries hold on
Proof. The system (8) is the Maurer-Cartan equation rewritten in terms of the entries of A and it coincides with the classical definition [15] of the defining system for a Massey product.
is said to be a defining system for the product a 1 , . . . , a n if it satisfies (8) .
In this situation the (p(
is called the related cocycle of the defining system A.
Remark 4.1 We saw that the notion of the defining system is equivalent to the notion of the formal connection. However one has to remark that an entry a(1, n) of the matrix A of a formal connection does not belong to the corresponding defining system A, it can be taken as an arbitrary element from A. In this event the only one possible nonzero entry τ of the Maurer-Cartan matrix µ(A) is equal to −c(A) + da (1, n) .
The n-fold product a 1 , . . . , a n is defined if there is at least one defining system for it (a formal connection A with entries a 1 , . . . , a n at the second diagonal). If it is defined, then a 1 , . . . , a n consists of all cohomology classes α ∈ H p(1,n)+2 (A) for which there exists a defining system A (a formal connection A) such that c(A) (−τ respectively) represents α.
Theorem 4.1 [15, 3] The operation a 1 , . . . , a n depends only on the cohomology classes of the elements a 1 , . . . , a n .
Proof. A changing of an arbitrary entry a ij , j > i of the matrix A of a formal connection to a ij + db leads to a replacement of A by
where E ij is a scalar matrix which has 1 on (i, j)-th place and zeroes on all others. For the corresponding Maurer-Cartan matrix we will have
. . , n is said to be a defining system for the Massey n-fold product α 1 , . . . , α n if it is one for a 1 , . . . , a n . The Massey n-fold product α 1 , . . . , α n is defined if a 1 , . . . , a n is defined, in which case α 1 , . . . , α n = a 1 , . . . , a n as subsets in H p(1,n)+2 (A). is equivalent to
Hence the triple Massey product α, β, γ is defined if and only if
If these conditions are satisfied then the Massey product α, β, γ is defined as a subset in H p+q+r−1 (A) of the following form
Since f and g are determined by (9) Proof. It follows from (8).
Remark 4.3
The triviality of all Massey products α l , . . . , α q , 1 ≤ l < q ≤ n, q − l < n − 1 is only a necessary condition for a Massey product α 1 , . . . , α n to be defined. It is sufficient only in the case n = 3.
Let us denote by GT n (K) a group of non-degenerate upper triangular (n+1, n+1)-matrices of the form: 1 a 1,2 . . . a 1,n a 1 Proof. Remark 4.4 Following the original Massey work [16] some higher order cohomological operations that we call now Massey products were introduced in the 60s in [15] and [17] . The relation between Massey products and the Maurer-Cartan equation was first noticed by May [17] and this analogy was not developed until [3] .
In the present article we deal only with Massey products of non-trivial cohomology classes. It is possible to take some of them trivial, but in this situation is more natural to work with so-called matric Massey products that were first introduced by May [17] .
Massey products and thread modules
Let T n (K) be a Lie algebra of upper triangular (n + 1, n + 1)-matrices over a field K of zero characteristic and ρ : g −→ T n (K) be a representation of a Lie algebra g.
Example 5.1 We take n = 1 and consider a linear map
It is evident that ρ is a Lie algebra homomorphism if and only if the linear form a ∈ g * is closed
da(x, y) = a([x, y]) = a(x)a(y) − a(y)a(x)
In other words the matrix A = 0 a 0 0 satisfies the "strong" Maurer-Cartan
Remark 5.1 We recall that we defined in the Section 4 the involution of a graded algebra A asā = (−1) k+1 a, a ∈ A k . Thus for a matrix A with entries from g * we haveĀ = A. One has to remark thatā differs by the sign from the definition ofā in [15] , however in [18] one meets our sign rule. 
The Lie algebra T n (K) has a one-dimensional center I n (K) spanned by the matrix 
One can consider an one-dimensional central extension
Proposition 5.2 [10, 9] Fixing a Lie algebra homomorphismφ : g −→ T n (K) is equivalent to fixing a defining system A with elements from
g * = Λ 1 (
g). The related cocycle c(A) is cohomologious to zero if and only ifφ can be lifted to a homomorphism
Taking a (n+1)-dimensional linear space V over K and a representation ϕ : g −→ T n (K) one gets a g-module structure of V defined in the coordinates x = (x 1 , . . . , x n+1 ) with respect to some fixed basis 
It is evident that this definition is equivalent to the Definition 4.6 when we consider a Massey product ω 1 , . . . , ω n of 1-cohomology classes ω 1 , . . . , ω n .
Proof
Hence it is sufficient to prove an inclusion (gr C g) i ⊂ [gr C g, gr C g] for an arbitrary i ≥ 2. The last one in its turn follows from
Corollary 5.1 We have isomorphisms
Definition 5.3 Let ρ : g −→ T n (K) be a representation. We call a representation of graded Lie algebrasρ :
an associated graded representation to ρ.
Remark 5.2 Letρ : g −→ T n (K) be some representation of a Lie algebra g such as g ∼ = gr C g. It is not hard to describe the corresponding matrix A of a formal connection:
1) the first diagonal is of zeroes (like all matrices from T n (K)); 2) the second one contains only elements from g * of degree one;
3) the k-th diagonal consists only of elements of degree k − 1. On can to define ρ only on e 1 and e 2 because the algebra m 0 is generated by these two elements.
The corresponding matrix A of a formal connection is equal to 
Definition 5.4 A thread module over a N-graded Lie algebra
g = ⊕ i g i is a N-graded g-module V = ⊕ i∈N V i such as dim V i = 1, g i V j ⊂ V i+j , ∀i, j ∈ N.
Fixing a basis {f
with a basis f j ∈ V * j , j = 1, . . . , n+1 we will get a representation ρ * : g −→ T n (K) by upper triangular matrices.
Or one can change the ordering of the basis of V considering a new basis
Proposition 5.6 Let a Massey product ω 1 , ω 2 , . . ., ω n be defined and trivial in H 2 (g) for some 1-cohomology classes ω i ∈ H 1 (g) of a Lie algebra g. Then x 1 ω 1 , x 2 ω 2 , . . ., x n ω n is also defined and trivial for any choice of  non-zero constants x 1 , x 2 , . . ., x n .
Massey products in H
We recall that the algebra H * (L 1 ) has a trivial multiplication. Buchstaber conjectured that the algebra H * (L 1 ) is generated with respect to the Massey products by H 1 (L 1 ), moreover all corresponding Massey products can be chosen non-trivial. The first part of Buchstaber's conjecture was proved by Feigin, Fuchs and Retakh [10] .
+ , e 1 , . . . , e In 2000 Buchstaber's PhD-student Artel'nykh considered the second part of the Buchstaber conjecture. In particular he claimed the following theorem.
Theorem 6.2 [1] There are non-trivial Massey products
One can see that the cohomology classes g 2l + were not represented by means of non-trivial Massey products. On the another hand Artel'nykh's article contain only a brief sketch of the proof.
We have mentioned that the Massey products in H * (g) and H * (gr C g) are closely related. Recall that gr C L 1 ∼ = m 0 . We came to the problem of description of Massey products in the cohomology H * (m 0 ). The special question is the description of equivalency classes of trivial Massey products ω 1 , . . . , ω n of 1-cohomology classes ω 1 , . . . , ω n . The purpose of this interest is to consider Massey products of the form ω 1 , . . . , ω n , Ω , where Ω is an element from H * (g).
An infinite dimensional space H 2 (m 0 ) is spanned by the cohomology classes of following 2-cocycles [12] 
All of the cocycles (10) can be represented as Massey products. Namely let consider the following matrix of a formal connection 
For the related cocycle c(A) we have
Thus we have proved the following 
The related cocycle c(A) = γ 2 ω 1 ∧e 3 − γ 1 ω 3 ∧e 3 is trivial if and only if
We have mentioned above that if n-fold Massey product ω 1 , ω 2 , . . ., ω n is defined than all (p + 1)-fold Massey products 
In the last formula we assume that v 0 = 0. It is sufficient to define only an action of e 1 and e 2 on V because the algebra m 0 is generated by them. 
The last condition means that ω i = 0 at the second diagonal of the matrix A.
We will prove this theorem by induction and start with triple products. The equation (11) implies that if one constant from β 1 , β 2 , β 3 is equal to zero, then at least another one β i is trivial also.
The case when β 1 = β 2 = β 3 = 0 is equivalent to e 1 , e 1 , e 1 , i.e. to the type A Let a n-fold product ω 1 , . . . , ω n be defined and trivial then (n − 1)-fold product ω 1 , . . . , ω n−1 is also trivial and by our inductive assumption is equivalent to some case from the table above.
The triple Massey product ω n−2 , ω n−1 , ω n is trivial in its turn and one can write out the equation (11) for all classes ω 1 , . . . , ω n−1 : One can verify that the following matrix A with non-zero entries at the second diagonal, first line and first row gives us an answer. 
